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Abstract
A shell graph of order n denoted by H (n; n− 3) is the graph obtained from the cycle Cn of
order n by adding n−3 chords incident with a common vertex say u. Let v be a vertex adjacent
to u in Cn. In this note, we shall show that for each k>1 and n>4, the graph obtained by
taking the union of k copies of H (n; n − 3) having the k edges uv’s identied (see Fig. 1) is
graceful. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G be a graph with m edges. A graceful numbering of G is an injection of the set
of its vertices into the set of integers f0; 1; 2; : : : ; mg such that the values of its edges
are all the numbers from 1 to m, the values of an edge being the positive dierence
between the numbers attributed to its end vertices. For an excellent survey for graceful
graphs see [2].
In [1], Delorme et al. proved that every cycle with a chord is graceful. In [4,5],
Koh et al. showed that every cycle with t consecutive chords is graceful for t = 2; 3
and n− 3, and this result had been extended to all t where 46t6n− 4 by Goh and
Lim [3].
Let H (n; t) denote graph obtained from the cycle Cn of order n by adding t con-
secutive chords incident with a common vertex, say u. Let v be a vertex adjacent to
u in Cn. We call H (n; t) a shell graph if n>4 and t = n − 3. For k>1, n>4 and
16t6n − 3, let G(n; t; k) denote the graph obtained by taking the union of k copies
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Fig. 1. The Graph G(n; n− 3; k).
of H (n; t) having k edges uv’s identied. (For t = n− 3, see Fig. 1). The objective of
this note is to prove the following.
Theorem. For k>1 and n>4 the graph G(n; n− 3; k) is graceful.
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2. Graceful numbering of G (n; n− 3; k)
We shall now prove the theorem in this section. For simplicity, we write G for
G(n; n − 3; k). Observe that m = jE(G)j = k(2n − 4) + 1 and jV (G)j = k(n − 2) + 2.
Let the vertices of G be named as shown in Fig. 1. Now, we give a numbering
 : V (G)! f0; 1; 2; : : : ; mg to the vertices of G. Order the shells of G as rst, second,
: : : kth copy. Let (u)=0. For the remaining vertices in the graph G, we rst give the
numbering for the vertices in the rst copy, then for the vertices in the second copy
and nally for the vertices in the ith copy of G; 36i6k.
Numbering to the vertices of the rst copy of G is dened as follows:
(v1; j) =
(
(m+ 2)− j if j even and 26j6n;
j − 2 if j odd and 36j6n:
Note that (v1; n) = (v).
We observe that
minf(m+ 2)− j: j even and 26j6ng
>maxf j − 2: j odd and 36j6ng:
Hence (v1; j) for j = 1; 2; : : : ; n are all distinct.
Numbering to the vertices of the second copy of G is dened as follows:
(v2; n−j) =
(
(v1; n) + (−1)n+1j if j even and 26j6n− 2;
(v1; n−1) + (−1)n(j + 1) if j odd and 16j6n− 2:
It follows from the numbering of the rst copy of the union and by the fact that
minf(v1; n−1)− (j + 1): j odd and 16j6n− 2g
>maxf(v1; n) + j: j even and 26j6n− 3g
when n is odd, while n is even,
minf(v1; n)− j: j even and 26j6n− 2g
>maxf(v1; n−1) + (j + 1): j odd and 16j6n− 3g;
the numbers (u), (v), (v1; j) for j=2; 3; : : : ; n−1 and (v2; n−j) for j=1; 2; : : : ; n−2
are all distinct.
Finally, dene the numbering to the vertices of ith copy G as follows:
Case 1: i odd and 36i6k:
(vi; j) =
(
(vi−1;3) + j if j even and 26j6n− 1;
(vi−1;2)− (j − 1) if j odd and 36j6n− 1:
If follows from the numbering of the (i − 1)th copy of the union and the fact that
minf(vi−1;2)− (j − 1): j odd and 36j6n− 1g
>maxf(vi−1;3) + j: j even and 26j6n− 1g;
the numbers (u), (v) and (vr; j) for 16r6i and 26j6n− 1 are all distinct.
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Case 2: i even and 46i6k
(vi;n−j) =
(
(vi−1; n−1) + (−1)n+1j if j even and 26j6n− 2;
(vi−1; n−2) + (−1)n(j + 1) if j odd and 16j6n− 2:
If follows from the numbering of the (i − 1)th copy of the union and by the fact
that
minf(vi−1; n−2)− (j + 1): j odd and 16j6n− 2g
>maxf(vi−1; n−1) + j: j even and 26j6n− 3g
when n is odd, while n is even,
minf(vi−1; n−1)− j: j even and 26j6n− 2g
>maxf(vi−1; n−2) + (j + 1): j odd and 16j6n− 3g;
the numbers (u), (v) and (vr; j) for 16r6i and 26j6n− 1 are all distinct.
Let A be the set of all edges incident with u; B the set of all edges of the rst copy
of the shell graph not incident with u; C the set of all edges not in the rst copy of
the shell graph and not incident with u and v, and D the set of all edges not in the
rst copy incident with v but not with u. We give below the edge value of the edges
in the sets A; B; C and D consecutively and we denote these sets by A0, B0, C0 and D0,
respectively.
A0 = fm;m− 2; m− 4; : : : ; m− 2n+ 8; m− 2n+ 6; : : : ; 5; 3; 1g;
B0 = fm− 1; m− 3; m− 5; : : : ; m− 2n+ 7; m− 2n+ 5g;
C0 =
8>>>>>>>>><
>>>>>>>>>:
m− 2n+ 1; m− 2n− 1; m− 2n− 3; : : : ; m− 4n+ 9;
m− 4n+ 5; m− 4n+ 3; m− 4n+ 1; : : : ; m− 6n+ 13;
m− 2(i − 1)n+ 4(i − 2) + 1; m− 2(i − 1)n+ 4(i − 2)− 1;
: : : ; m− (2in) + 4i + 1;
: : : ;
2(n− 3); 2(n− 3)− 2; 2(n− 3)− 4; : : : ; 2
9>>>>>>>>>=
>>>>>>>>>;
;
D0 = f2n− 4; 2(2n− 4); : : : ; (k − 1)(2n− 4)g:
It is clear that the values in the sets A0, B0, C0 and D0 are all distinct and A0 [ B0 [
C0 [ D0 = f1; 2; : : : ; m− 1; mg.
Hence the graph G is graceful.
To end this note, we would like to to pose the following.
Conjecture. For all k>1; n>4 and 16t6n− 3, the graph G(n; t; k) is graceful.
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